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ABSTRACT. The wide availability of precise radiocarbon dates has allowed researchers in a number of disciplines to
address chronological questions at a resolution which was not possible 10 or 20 years ago. The use of Bayesian statistics for
the analysis of groups of dates is becoming acommon way to integrate all of the 1C evidence together. However, the models
most often used make a number of assumptions that may not always be appropriate. In particular, there is an assumption that
all of the *C measurements are correct in their context and that the original 14C concentration of the sampleis properly rep-
resented by the calibration curve.

In practice, in any analysis of dates some are usually rejected as obvious outliers. However, there are Bayesian statistical
methods which can be used to perform this rejection in a more objective way (Christen 1994b), but these are not often used.
This paper discusses the underlying statistics and application of these methods, and extensions of them, as they are imple-
mented in OxCal v 4.1. New methods are presented for the treatment of outliers, where the problems lie principally with the
context rather than the 14C measurement. Thereis also afull treatment of outlier analysis for samples that are al of the same
age, which takes account of the uncertainty in the calibration curve. All of these Bayesian approaches can be used either for
outlier detection and rejection or in amodel averaging approach where dates most likely to be outliers are downweighted.

Another important subject is the consistent treatment of correlated uncertainties between a set of measurements and the cal-
ibration curve. This has aready been discussed by Jones and Nicholls (2001) in the case of marine reservoir offsets. In this
paper, the use of asimilar approach for other kinds of correlated offset (such as overall measurement bias or regional offsets
in the calibration curve) is discussed and the implementation of these methodsin OxCal v 4.0 is presented.

INTRODUCTION

Before considering statistical methods for the treatment of outliers and offsets, it is important to
understand the underlying mechanisms and issues. There are essentially 4 main reasons why in any
context radiocarbon dates might not give the “right” result:

» The 14C measurement of a particular sample might not be correct (s).

The 14C ratio of a sample might be different from that of the associated reservair (r).

A whole set of 14C measurements might be biased in some way relative to the calibration
curve—either because the measurements themselves are biased or because the reservoir from
which the sample draws its carbon might not have the expected 14C isotope ratio (d).

« The sample measured might not relate to the timing of the event being dated (t).

Ideally, the uncertainty quoted in the 14C measurement covers the first possibility (s), though in
some instances it may be that the errors in the measurements are not normally distributed. For this
reason, it might be that in 14C calibration, rather than adopting a Normal distribution, for a more
robust model we should be using a longer-tailed distribution (such as a Student’s t distribution).
Another approach has been suggested where we assume that in asmall proportion of cases the mea-
surement effectively has an uncertainty, which islarger by some factor (Christen 1994b, 2003).

In the second case (r), the measurement is correct, but the 14C isotope ratio might be different from
that of the calibration curve at the associated age for some reason. This might be due to short-term
fluctuations in 14C concentrationsin particular reservoirs or due to an admixture of carbon from dif-
ferent sources. Such offsets are analogous to the first category but will not be related in any way to
the measurement uncertainty or be improved by multiple measurement.

The 2 categories given for the third reason (d) are very different in their cause, but essentially the
samein their effect. The Situation here is that the measurements made for the calibration curve and
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those for the sample have a systematic offset relative to one another. Where such offsets are recog-
nized, they can be taken into account using a AR correction (Stuiver and Braziunas 1993). In princi-
ple, unknown offsets can be treated in similar way using a AR with a mean of zero and an uncer-
tainty that reflects the possible scale of offsets between the measurement sets. The correct statistical
treatment of such systematic offsets has been described by Jones and Nicholls (2001).

Finally, we come to what is probably the most common form of outlier, where the sample does not
for some reason relate to the dated event in the intended way (t). Here, the 14C measurements are
correct and the values relate correctly to the calibration curve data sets, but there is some sort of cal-
endar offset between the measurement and the event of interest. In some instances, such outliers are
due to aspects of the deposition process that are hard to understand. In other cases, we know why
samples might be (or are) outliers: for example, in the case of charcoal we usualy expect the sam-
plesto be older than their context. This type of outlier is not restricted specifically to 14C dating or
contamination at the sampling stage.

All of these types of outlier can be treated statistically using essentially similar methods but in
dlightly different ways. The purpose of this paper isto summarize these approaches and describe the
implementation of their algorithmsin v 4.1 of the analysis program OxCal (Bronk Ramsey 1995,
2001, 2008).

TREATMENT OF OUTLIERS

In general, there are two main ways of dealing with outliers. Thefirst isto try to identify all outliers
and then eliminate them manually from the analysis. If thisis possible, then it is probably the best
approach since it is then entirely clear what data are being used to support the analysis. The other
approach is to assume that we can never really be sure whether any particular measurement is an
outlier, but to weight samples according to how likely they are to be correct in a model averaging
approach. Thisoutlier analysis approach requires usto provide aprior probability for how likely any
individual measurement is to be wrong and then some model to determine how we should revisethis
in the context of all of the other information available.

Manual Rejection

How you identify outliers for rejection is a complex topic. The most important considerations are
the sample context and details of the measurement process itself. These should allow usto identify
which samples might have give anomalous *C measurements or have a complex depositional his-
tory. It is aso possible to use statistical methods to indicate which samples seem anomal ous within
their context to support these decisions. You can either use the outlier analysis methods outlined by
Christen (1994b) and in this paper or use the agreement index (Bronk Ramsey 1995) calculated by
OxCal. In practice, for identification purposes both methods work well—indeed, in almost all
instances the same samples will be identified by either. In both cases, the level at which we start to
reject samples is somewhat arbitrary. If you use the agreement index method, unless a sample has
been rejected, all measurements are given equal weight. With outlier analysis samples are progres-
sively down-weighted as they are more likely to be outliers and so the results from the analysis are
essentially an average between amodel in which the measurement is accepted and oneinwhichitis
rejected. If you do not wish to have model averaging, but do wish to use outlier analysis solely for
outlier detection, you should first run a model with outlier analysis, see which measurements are
likely to be spurious and then run it again, without outlier analysis but with some of the spurious
results removed entirely.
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In OxCal v 4.1, there are 3 tool sthat can be used to help with the manual elimination of outliers. The
first is the calculation of the agreement index for each sample; if this falls below 60%, rejection
should be considered. However, it should be remembered that approximately 1 in 20 samples are
likely to fall below thislevel and such rejection should also be based on other criteria. Secondly, an
overall agreement index is calculated Aqg and if thisis above 60% it probably indicates that there
is no problem with the model as awhole (and therefore no samples need be rejected). Finally, there
is a command outlier (), which can be used to flag a measurement as a definite outlier and
remove it from the model (note in earlier versions of OxCal this command was Question () but
otherwise worked in the same way).

Outlier Analysis

In order to deal with outliers statistically, we need to have some sort of amodel for how we expect
them to be distributed. We al so ought to define, in the case of 14C, whether wethink it isthe 1*C mea-
surement that is incorrect for some reason or if it isthe context that is uncertain. Usually in 14C dat-
ing, we assume that a specific 14C measurement r; will differ from the prevailing 4C concentration
r(t), given to us by the calibration curve, by an amount g; such that:

r=rt) +¢ @)

& ~N(©O,s + (1)) @

So that the difference is entirely accounted for by the uncertainties quoted for the measurement (s)
and the calibration curve (s(t;)). In outlier analysis, we need to be ableto deal with other kinds of off-
set. We introduce another parameter ¢;, which is 1 if the sampleis an outlier and O if it is not.

OxCal v 4.1 provides the tools to set up such models. The tools are generic and alow awide variety
of modelsto be employed. However, it should be stressed that it is usually best to keep things fairly
simple and in most cases one model should beall that isrequired. The two commandsthat have been
introduced to provide outlier analysis are:

Outlier Model ([name] distribution [,scale [typell}) ;
Outlier ([name,] [prior]) ;

Theoutlier Model () command definesthe model and the outlier () command allowsit to be
applied to specific 1C dates or other likelihood information in the model. The parameters of the
model are:

* name - thisis the name of the model; this can be used to allow the specification of more than
one outlier model; if the name is not specified, the last model defined will be used for any out-
lier analysis. If for example you wish to use a special model for all charcoal samples, the name
“charcoal” canbegivento boththeoutlier Model () andtheassociated outlier () com-
mands.

« digtribution - this defines how the outliers are to be distributed (distribution D,); examples of
useful distributions are T(5), a Student’s t distribution with 5 degrees of freedom; n(0,1), a
simple normal distribution; or Exp (1, -10, 0), an exponential distribution with an exponential
constant T of 1 taken over therange—10t0 0.

 scale - this defines the scaling of the outliers, expressed in powers of 10. This can be asingle
number such as 0 for no scaling or 2 for ascale of 100 yr; it can also be adistribution (distribu-
tionD,) suchasu(o, 4) for ascale of anywhere between 1-10,000 yr. In this case, the analysis
will determine the appropriate scale.
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« type - this defines the kind of outlier you have; the options are “t” for outliersin the time vari-
able, “r" for those in the 14C isotope ratio, and “s” for those that scale with the uncertainty in
the 14C concentration.

« prior - for any specific measurement this defines the prior probability that the sampleis an out-
lier; atypical value for thiswould be 0.05 for a1 in 20 chance that the measurement needsto be
shifted in some way. The posterior probability for the measurement being an outlier will be

determined by the analysis.

The distribution and scale parameter can be defined in a number of waysin OxCal. They can either
be constant numbers (this only makes sense for the scale) or they can be distributions. The relevant
distributions defined in OxCal are shown in Table 1.

Table 1 Distribution definitionsin OxCal; the optional resolution parameter defines the bin
size during the MCMC analysis; if not specified, a suitable default is chosen.

Definition Example Meaning

Exp([name,] tau, from, to [,resolution]); Exp(1,-10,0) Exponentia distribution range
-10-0witht=1

N([name,] mu, sigma [,resolution]]); N(0,2) Normal distributionyu =0, =2

T([name, freedom, [scale [,resolution]]); T(5) Student’st distribution 5 degrees
of freedom

U([name,] from, to [,resolution]); U(o,1) Uniform distribution range 0-1

To see how these commands are to be used in practice, we will look at some specific applications.
You can also see the examples in the following section.

First of all, wewill consider the situation where the 14C measurement itself might be at fault. Wewill
further assume that any offsets are in proportion to the uncertainty quoted in the date. In this situa-
tion, the model outlined by Christen (2003) is most appropriate. In this model (s-type), any shiftin
the measurement is drawn from anormal distribution, which has double the uncertainty of the mea-
surement:

ri=r(t) + & + 0,05 3
& ~N(O,s + (S(t))?) @
¢; ~ Bernoulli(q;) ©)
& ~N(0,23) (6)

where ¢ is the prior probability that the sampleis an outlier. In OxCal, this can be specified by:
Outlier Model ("SSimple",N(0,2),0,"s");

Effectively, this model draws the shifts from a normal distribution with a mean of zero and a stan-
dard deviation of 2 and they are then multiplied by the uncertainty in the date and applied to the 14C
measurement. So, if for example the uncertaintiesin all the measurements are 50, the possible shifts
are drawn from a normal distribution with a mean of zero and a standard deviation of 100. Thisis
the default model for 14C datesif no other is specified.

Supposing instead we have some other reason why the 14C dates and those in the calibration curve
may not be the same—perhaps there is possible contamination, or addition of 14C from other reser-
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voirs. In such cases (r-type), the offsets will not be related to the uncertainty in the measurement. In
these cases, our outlier model is modified:

ri = r(t) + g + ¢;10U5; @)
& ~N(O, 5" +s(t))?) ®
o; ~ Bernoulli(q;) 9
8 ~Dy (10)
u~D, (12)

where u is a scaling parameter common to the model as a whole and where D, and D, are distribu-
tionswe can choose, according to modeling preference, from those given in Table 1. We might know
the scale of such offsets, in which case we can fix u. If we know that they are likely to be of the order
of ahundred years, we can let them be drawn from a normal distribution with a mean of zero and a
standard deviation of 100, by setting u = 0 and D, to N(0,1009):

Outlier Model ("RSimple",N(0,100),0,"x");

If we do not know what sort of offset we are expecting, we can allow the model to find the scale
(anywhere between 10° and 10%) and so use U(0,4) for D, and let the possible shifts be drawn from
alonger-tailed Student t distribution by using T(5) for the distribution D, instead:

Outlier Model ("RScaled",T(5),U(0,4),"r");

The case where there might be a systematic offset between the measurements and the calibration
curve (d-type) is a special case and is discussed in the section “ Systematic Offsets Relative to the
Calibration Curve.”

In many cases, though, the possible offsets are not in the 14C scale but in the time scale (t-type). This
type of outlier is applicable to other dating methods as well as 1C. In the C case, we would then
define:

r=r(t + §;10%) + ¢ (12
& ~N(O, s +(s(ti + $,10°5))?) (13)
¢; ~ Bernoulli(q;) 149
Si -~ D]_ (15)
u-~ Dz (16)

Again, we might know the timescale. For example, if we have bioturbation in a sediment it might
add atemporal offset between primary deposition and final location, which is of the order of a hun-
dred years. We could express this as:

Outlier Model ("TSimple",N(0,100),0,"t");

Thisisthe default outlier model applied for non-14C measurements if no other is specified. In most
cases, however, we do not know the scale of any such offsets and so a more general model is more

appropriate:
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Outlier Model ("General",T(5),U(0,4),"t");

Thisisthe model the author would recommend for most purposes. It draws from along-tailed dis-
tribution (D4 is T(5)) and so will not be too affected by the odd extreme outlier and the scale (deter-
mined by the analysis) can be anywhere between 10° and 10% yr (D, is U(0,4)).

In some instances, we might wish to use a more specific model. For example, consider the case of
charcoal samples. These are often discounted or used only as a terminus post quem. However, in
reality we know rather more than this. In particular, many charcoa dates are likely to be only very
dightly earlier than the date of deposition with along tail of older dates from old wood or redepos-
ited charcoal. Such adistributionislikely to be approximately exponential (as suggested by Nicholls
and Jones 2001) but with an unknown time constant (longer than a year but shorter than a thousand
years). This can all be put into an outlier model suitable for charcoal:

Outlier Model ("Charcoal",Exp(1,-10,0),U(0,3),"t");

Here we only allow outliers to be older, so the exponential distribution istaken to run from-10to 0
with atime constant of 1. The shifts are then scaled by a common scaling factor that can lie any-
where between 100 and 103 yr. In the case of charcoal samples, we know that all samples are
expected to be outliers (that is, al earlier than context) and so they should be given a prior outlier
probability of 1.

EXAMPLES

Combination of Dates for Samples of the Same Age

One situation where outlier detection can be useful iswhen you have alarge number of 14C dates all
pertaining to 1 context but measured by different laboratories using different techniques. The con-
gruity of such a set can be tested using the non-Bayesian y?2 test of Ward and Wilson (1978). How-
ever, what do you do if the test fails? Using outlier detection, you can downweight those measure-
ments that disagree most with the others and also identify which these are. As an example, we will
take 14C dates from the important context X in Tell Qasile as reported in Boaretto et al. (2005) and
Sharon et a. (2007). The measurement history is complicated and will not be discussed here. We
will take 11 of the measurements reported for this context, all of which are supposed to be the same
age (Table 2).

Table 2 Datesfrom Tell Qasile X; the prior probability for each measurement being an
outlier has been set to 0.05 (or 5%); the analysis output provides posterior probabilities
for each measurement being an outlier.

Ref. Lab ref. Date + Prior Posterior
Qs1 T18161a, aa 2818 26 0.05 0.08
QSs2 RTT3932.3-6 2692 24 0.05 1.00
Qs3 RTT3931.3-5 2911 26 0.05 0.62
Q4 LSC3931.1 2853 25 0.05 0.03
QS5 GrN27719 2895 25 0.05 0.33
Qs6 RTT3853.1,3,4 2753 22 0.05 1.00
Qs7 T3930 2800 25 0.05 0.33
Qs8 T39333, aa 2882 28 0.05 0.10
Qs9 GrA 25535 2864 40 0.05 0.02
Qs10 GrA25710 2818 38 0.05 0.04

QSl11 GrA25768 2897 44 0.05 0.06
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The dates are all entered with aprior probability of being an outlier of 0.05. The model outlined by
Christen (2003) has been applied, but the treatment of the errorsin the calibration curveis slightly
different (see section “ Statistical Details’ below). This set of dates fails the y2 test (df = 10, T=70
cf. 18.3), but the advantage of thiskind of analysisisthat in acontroversia case like thisyou do not
need to make a qualitative assessment of which dates are most likely to be wrong. You can see from
Table 2 that two of the dates are identified as being definite outliers (QS2 and QS6). One other date
(QS3) isaso more likely to be an outlier than not (Figures 1 and 2).

Outlier Model (N(0,2),0,"s");
R Combine ("")

{

R Date("QS1", 2818,26) {Outlier(0.05);};
R Date ("QS2", 2692,24) {Outlier(0.05);};
R Date("QS3", 2911,26) {Outlier(0.05);};
R Date("QS4", 2853,25){Outlier(0.05);};
R Date ("QS5", 2895,25) {Outlier(0.05);};
R Date("QS6", 2753,22){Outlier(0.05);};
R Date("QS7", 2800,25) {Outlier(0.05);};
R Date("QS8", 2882,28) {Outlier(0.05);};
R Date ("QS9", 2864,40){Outlier(0.05);};
R Date("QS10",2818,38) {Outlier(0.05);};
R Date("QS11",2897,44) {Outlier(0.05);};

bi

Figure 1 Model specification for outlier analysis of Tel Qasile dates

OxCal v4.1.0 Bronk Ramsey (2008); r:5; IntCal04 atmospheric curve (Reimer et al 2004)
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Figure2 Combination of datesfrom tel Qasile X using the outlier analysis. Theresultsof sm-
ple combination can be seen as an outline distribution in light gray; the results of the analysis
are shown in darker gray and provide asignificantly different age estimation.
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Of course, what any statistical analysis cannot do is identify the reasons why there are outliers. It
could be that some of the samplesreally are of a different age, that there are contaminants present in
some of the samples, or that there isameasurement problem of somekind. Outlier analysisisuseful,
however, in identifying which samples are most likely to be significantly wrong and providing an
objective estimate of the true age of the sample set.

Temporal Outliers in a Sedimentary Sequence

The next example we will turn to is the situation where you have a sedimentary sequence where
some of the samples are out of context and therefore give the wrong age for their depth. Such a sit-
uation might arise where there is significant bioturbation. To illustrate this example, we can look at
the simulation data set 4 shown in Figure 6 of Blockley et a. (2007). In this case, some of the data
points had been deliberately offset from their expected values to simulate the effect of outliers.
Without the use of outlier analysis, it is necessary to work through the sequence eliminating those
samples that have very low agreement indices in order to get a consistent model. In particular, 1 or
2 of the points are so far out that the model will not run with them included.

However, it is possible to use the general temporal outlier model described above instead of such a
laborious and subjective procedure. Figure 3 shows how such amodel is specified and Figure 4 the
results of such an analysis, using amodel averaging approach.

Outlier Model ("General", T(5), U(0,4),"t");

P Sequence ("Simulation 4",1)
Boundary () {z=480; };
R Date("4T47",11000,50) {z=470; Outlier(0.05);};
R Date("4T46",11023,50) {z=460; Outlier(0.05);};

R Date("4T2", 6901, 50){z=20; Outlier(0.05);};
R Date("4T1", 6377, 50){z=10; Outlier(0.05);};
Boundary () {z=0; };

}i

Figure 3 Model specification for outlier analysis of the sedimentary sequence for data
set 4 from Blockley et al. (2007).

Treatment of Charcoal Samples

Here, we give a hypothetical example to show how this might work in practice. We have a single
phase of occupation that is dated by some bone dates and a series of charcoal dates. The charcoal is
not short-lived and so we assume that it must always be older than its context. Figure 5 shows how
such amodel is specified and Figure 6 shows the results of the analysis.

In this particular case, it can be deduced that the time-constant for residence of charcoal on the site
liesin the range 10-100 yr (see Figure 6¢). In thisinstance, the charcoal dates do add significantly
to the model—many of the samples are no older than the bone dates and therefore provide important
information on the date of the end of the phase and on its duration.
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0 (xCalv4.1.0 Bronk Ramsey (2008); 5 IntCal0d a Reimer et al 2004)
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Outlier Model ("Charcoal", Exp(1,-10,0),U(0,3),"t");
Sequence ()
{
Boundary ("Start 1");
Phase ("1")
{
Label ("Bone samples") ;
R Date (1000, 20);
R Date (1060, 20);
R Date (1020, 20);
R Date (1070, 20);
Label ("Charcoal samples");
R Date (1200, 20){Outlier
R Date (1000, 20){Outlier(
R Date (1030, 20) {Outlier(
R Date (1010, 20) {Outlier(
R Date (1070, 20){Outlier(
(
(
(
(
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1);}
1);}
1);}
1);}
1);};
1);}
1);}
1);}
1);}

i

R Date (1050, 20){Outlier
R Date (1130, 20){Outlier
R Date (1070, 20){Outlier
R Date (1100, 20){Outlier

i
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il

Figure4 Age-depth model for dataset 4
from Blockley et al. (2007) using outlier
analysis. The results of simple calibra-
tion can be seen as an outline distribu-
tion with white fill; the results of the
analysisare shown in black; you can see
that some dates that are clearly outliers
(such as the 7th from the top) are
ignored in the analysis; this approach
removes the need to weed out outliers
manually before conducting such an
analysis.

i Figure5 Model specification for aphasewith bone and charcoal
i dates. Note that the Out 1ier command linksto the last speci-

b fied outlier Model (inthiscase "Charcoal" if no name

bi

Boundary ("End 1) ; is specified. The command Outlier ("Charcoal", 1)
; could be used in each case instead.
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OxCal v4.1.0 Bronk Ramsey (2008); r:5 IntCal04 curve (Reimer et al 2004)
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Figure 6 The results of the analysis of the model with charcoal dates. The charcoa dates act as a terminus ante quem for
the end of the phase, but some are clearly much earlier than the start as you can see in the upper plot (a). The outline distri-
butions show the simple calibrations and the black distributions show the estimate of the deposition dates of the samples (t;).
Inthe lower left plot (b), you can see both the effective prior (from Equation 88) and the posterior distribution of the outlier
offsets (103;), which give an estimate for the charcoal ages on the site. In the lower right plot (c), the estimated timescale
(in powersof 10) for charcoal residuality on the site (the posterior distribution for u with the uniform prior shownin outline).

Systematic Offsets Relative to the Calibration Curve

As an example of such an application we can consider the data set of Imamura et a. (2007). They
give data for 2 tree-ring sequences from Japan, one of which is a reference data set of known age
(outer ring AD 350) and another sample data set from a short 43-ring sequence that has been den-
drochronologically dated (outer ring AD 389). ThestandardD_sequence analysiscan be carried out
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for both series, but, although the reference series correctly datesto AD 335-357 (95.4% probability),
the other sample has a bimodal distribution with ranges AD 295-309 (86%) or AD 373-387 (9%)
just missing thetruevalue. If we now reanalyze the same 2 seriestogether with asystematic AR value
of 0+ 10, thefirst till datesto arange AD 334-361 (95.4%), consistent with the correct value. The
other till has a bimodal distribution, but the ranges are AD 295-317 (47.5%) and AD 370-395
(47.9%), which is now in good agreement with the true value. The comparison between the 2 anal-
yses can be seenin Figure 7. The reason that thisworksisthat the analysisis able to make use of the
fact that both seriesfit to the calibration curve better with asmall systematic offset relative to the cal-
ibration curve. We can aso get information on the nature of this shift. Figure 7 shows the prior and
posterior for the AR, showing, in the posterior, abimodal distribution. The shift to positive AR gives
the “correct” fit whereas that to the left gives an equally good but “wrong” fit for the data.

xCal v4.1.0 Bronk Ramsey (2008); r:1 IntCalod urve (Reimer et al 2004)

No Delta_R variation allowed
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xCal v4.1,0 Bronk Ramsev (2008); r:1 IntCaiod urve (Reimer et al 2004)

Delta_R(0, 10) applied to jpoth series

) Figure 7 The results of the reanalysis of
Detta_R(0,10) T = — the data sets of Imamura et al. (2007).
The upper figure shows the modeled end
date for the sequences using the models
described in the text (in dark gray) com-

Delta_R(0, 10) applied only to sample sefies pared to those with no allowance for off-
T— sets (in light gray). The lower figure
Delta_R(0,10) = shows the posterior density estimates of
the true reservoir offset (in dark gray)

55 T ) ) o) 26 together with the priors (in light gray).

The analysis works well in this case because the reference data set is effectively able to inform the
model about the offset—even though we have not used the calendar agein the analysis. If we usethe
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same AR vaue of 0 + 10 and analyze the problematic sample seriesonitsown, we till do better than
with no alowance for AR with a bimodal range of AD 294-325 (83.3%) or AD 374-391 (12.1%),
whichisjust in agreement with the true value. Thereis still a substantially higher earlier peak since,
even alowing for offsets, this series does match the earlier part of the curve slightly better (see Fig-
ure7). What isclear from thisanaysisisthat even asmall allowance for systematic offsets can have
a significant effect on the accuracy of the result. What the statistical analysis cannot tell us is
whether the offset is due to differences in measurement or atrue regional offset.

Thiskind of robustnesstest is very important even in cases where we do not expect outliers.

STATISTICAL DETAILS

In general, the treatment of outliers described here is embedded in more general Bayesian analysis.
Bayes theorem tells us that:

p(tly) =< p(y[t)p(t) (17

wheret arethe set of parameters and y the observations or measurements made. In thisequation, p(t)
givesour prior knowledge about the parameters (this can include phase models, sequences, or dep-
osition models as required). The part of the equation most important for this paper is the likelihood
p(y|t), which is used to work out our posterior p(tly). In many cases (when the data are conditionally
independent), it is possible to factorize the likelihood into individual elements:

py[t) = TTpCyi|t) (18)

We use the approach of Abraham and Box (1978) as used by Christen (1994b) to deal with observa-
tionsthat are spuriousin someway. In order to formalize this, we consider theform of thelikelihood
function p(y;|t;). Thiswill in general be some function of the observed variable(s) y; and the param-
eter(s) t; involved, where the age determination are indexed i = 1, 2,...,n:

p(y: [t) = li(y;, t) (19)

In the case of 14C dating, the observation consists of both the 14C measurement r; and its uncertainty
s. To use this for calibration, we also need to have a calibration curve that gives the expected 14C
concentration, r(t) and the uncertainty s(t) both as afunction of calendar time. Using the usual error
model, with an error of g; for each measurement:

ri=rt) +g (20)
& ~N(O, s + ((t))?) (21)

the 14C likelihood function then becomes:

( (n—r(tofj

&Xpl—— 2

2( + (s(t)))?)
JS + (s(t))’

In order to model the possibility of outliers, we introduce 2 more parameters for each observation.
These parameters are ¢;, which can take values 1 (if the observation is spurious and an outlier) or 0
(if the observation is correct), and §;, which defines the offset in the observation if it is spurious. We

p(rift) = Li(r;, s, t) o< (22)
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define the priors for ¢; to be some predetermined value q; if it is 1 (an outlier) and (1—q;) if itisO
(not an outlier):

(bi ~ Bernou”i(qi) (23)
where the Bernoulli distribution is
X ~Bernoulli(g) < Pr(X=x) =qg* (1 -q)** (24)

the prior for 9; also needs to be specified and normalized. We now need to consider the different
forms of outliers.

Outliers with Respect to the Time Parameter (t-type)}

In this case, what we are essentially modeling for is not a wrong measurement of a variable but a
wrong interpretation in terms of the parameters of the model. In this case, we define the offset in
terms of t;, so that in the simplest case:

p(Y: [ti, &, &) = li(yi, ti + 9i6) (25

Such a model can be specified in OxCal by specifying the prior distribution for & and the outlier
probability g;. For example:

Outlier Model ("TSimple",N(0,100),0,"t");
R Date ("OxA-12345",1423,23) {Outlier(0.1,"TSimple");};

sets up the following priors and likelihood:

ri = r(t + o;0) + € (26)
& ~NO,S + (Slt + ¢:8))?) (27)
& ~ N(0,100?) (28)
o; ~ Bernoulli(0.1) (29)
P(ri 1%, 01,8) = h(ri St + 0,3) (30)

(ry—r(t+ ¢i5i))2
i yecrp +0;8)))
o % | I~ (31)

JE+ (st +0,5,))2

This is the default outlier model in OxCal for everything other than 1C dates. However, in many
cases wewould rather not specify the functional form of the prior for & so definitely. For this reason,
we introduce a further model parameter, u, which providesthe scale for all of the outliers associated
with the model. In this model, the likelihood becomes:

pUY; |6, i, 85, U) = 1iys, ti + 104 ¢; ;) (32)

We now need to provide a prior for u as well and this is given as another parameter in the OxCal
model definition. Inaddition, it is better to use alonger-tailed distribution than anormal distribution,
and the Student’s t distribution with about 5 degrees of freedom is probably most useful for this
(Venables and Ripley 2002:121). The reason for using such along-tailed distribution in this type of
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model is that under the processes leading to temporal outliers there are sometimes a few very
extreme outliers and we do not wish the modeled outlier distribution to be too heavily dependent on
these. Putting all of this together, the following is a reasonable general outlier model for chronolog-
ical applications:

Outlier_ Model ("TScaled",T(5),U(0,4),"t");
R_Date ("OxA-12345",1423,23) {Outlier ("TScaled",0.1);};

This sets up the following priors and likelihood:

ri=r(t + 104¢;5,) + € (33
& ~N(O,s + (st + 104%;8))?) (34)
5, ~T(5) (35)
u~U(0,4) (36)
o; ~ Bernoulli(0.1) (37)
p(r; [ti, 05, 0;, u) = li(ri, S, t; + 10" 0;0;) (38)

where the T(v) isthe Student’st distribution with v degrees of freedom:

2 %)

_ X
X ~T(v) < Pr(X=x) ‘”(“V) (39)

The reason for choosing alog-uniform distribution for the scale of offsetsisthat many complex sys-
tems exhibit power-law dependency over a range of scales and the log-uniform distribution gives
scale invariance. In practice, the outlier scale posterior is often approximately log-normally distrib-
uted and thisis easily seen asanormal distribution in u (asin Figure 6¢). The effective prior for the
scaled offset 1049; integrated over the range of values 0 < u < 4 and with §; ~ T(5) isshown in Figure
8: thisis avery long-tailed distribution. In most models, u becomes fairly well constrained and the
distribution becomes closer to the T(5) distribution with an appropriate scale.

0.02F

0.01F

Probability density

Figure8 Thisshowstheeffective prior for the offsetsin the General model with
thefull range of scales possible. Thedistributionsis sharply peaked at zero (similar
to the T(5) distribution) but with very long shallow sloped tails.
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There are some dangersin having too many parametersin amodel of thiskind. In particular, if there
are very few measurements, there may be confounding effects between the single u parameter and
the o; parameters. For thisreason, with very small modelsit may be better to specify afixed u. If you
use the above model, you should look at the distribution for u and check that the marginal posterior
is somewhat constrained (see “Diagnosis’ section below).

Outliers with Underestimated Uncertainties (s-type)

The construction of outliers with respect to the uncertainty quoted in the 1C essentially follows the
same pattern except that in this case the offset implied is in the 14C measurement and not relative to
the time parameter. Thistype of outlier obviously only makes sensein relation to 14C measurements.
For a simple implementation, we define the likelihood function to be:

p(ri|t, 6;, &) = li(ri — 0i6;s;, 5, 1) (40)

Thisisessentialy identical to the method proposed for generalized modelsin Christen (1994b) with
the prior for the offset as defined in Christen (2003). The following model definition should repro-
duce the case where the assumed prior for §; ~ N(0,22) or for the offset in the 4C date §;5 ~
N(0,(2s)?):

Outlier Model ("SSimple",N(0,2),0,"s");

R Date ("OxA-12345",1423,23) {Outlier ("SSimple",0.1);};

and sets up the following priors and likelihood:

r=rt) +& + 6;5s (41)

& ~NO s +(s(t)) 42)

& ~N(0,29) (43)

o; ~ Bernoulli(0.1) (44)

p(ri[t, ¢;,6) = li(ri — ¢;6;s,, S;, 1) (49)

(ri—0;6;s —r(t))
eXp( 2(52 + (s(t))?)
N (s + (s(t; (46)

JS2+ (s(t)°

Thisisthe default outlier model applied by OxCal for 14C dates if no other model is specified. It is
equivaent to an increased variance s when a measurement is identified as an outlier. The program
is set up to use an optional scaling parameter for this type of offset too in which case the likelihood
isgiven by:

ri=r(t) + &+ 10035 (47)
u-~ Dz (48)
p(rilt, d;, 6;,u) = li(ri — 104 ¢;8;s, S, 1) (49)

where D, is specified as for the t-type model. However, the model as defined by Christen (1994b) is
reasonable for most minor measurement problems and should probably be adopted as a standard
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model asitisfor outlier detection of this sort. Thismodel isimplementedin BCal (Buck et al. 1999),
Bwigg (Christen 2003), and Bpeat (Blaauw et al. 2003).

Outliers in Radiocarbon Concentration (r-type)}

This implementation of the outlier model is essentially identical to that of the previous section,
except that in this case we bresak the link with the original uncertainty in the measurement. The like-
lihood function is defined to be:

p(ri [ti, i, 6;, u) = Ii(ri — 10 ¢;5;, s, 1) (50)
The definition of the model is then made in exactly the same way as for the t-type outliers:

Outlier Model ("RScaled",T(5),U(0,4),"r");
R Date ("OxA-12345",1423,23) {Outlier ("RScaled",0.1) ; } ;

This sets up the following priors and likelihood:

ri=r(t) + g + 104 ¢;5; (51)

& ~N(O, 5 +&(t)?) (52)

& ~T(5) (53)

u~Uu(04) (54)

¢; ~ Bernoulli(0.1) (55)
p(ri t, i, &, u) = li(r; —10Y ¢;5;, S, t;) (56)

( (ri—10“¢i8i—r<ti>>7
exp

_ 28+ (s(t))") 57

JS+ (s(t)?

Offsets Relative to the Calibration Curve (d-type)

Thistype of offset is essentialy the same as the r-type outlier except in this case we assume that the
offset is definite (the offset probability is 1) and the same offset appliesto all (or awhole set of) 14C
measurements. Again, we introduce a new model parameter d, which defines the modeled offset
between the calibration curve and the set of measurements. Thisis asingle parameter that appliesto
all the dates (Jones and Nicholls 2001; Nicholls and Jones 2001). The likelihood for each 14C mea-

surement then becomes:
[ (ri—<r(ti)+d)f]
exp 5 >
2(s; +(s(t)")

JS+ (s(t)°

In this equation, you can see why mathematically abias can be treated in the same way asareservoir
offset. Thiskind of common offset is defined as a AR offset. Inits more usual use, we have specific
prior information for AR. However, it can be used more generally and if, for example, thereisapos-

p(ri|t, d) = li(r;—d, s, t;) o< (58)
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sible small but unknown offset between a set of measurements and the calibration curve, we might
set up amodel with:

Delta R(0,10);
R Date ("OxA-12345",1423,23);

Thiswill set up the following priors and likelihood:

ri=r(t)+g+d (59)
& ~N@O, s +(s(t))?) (60)
d ~ N(0,10?) (61)
p(rit, d) = li(ri —d,s, ;) (62)
(ri—d—r(t))
eXp[_2<s-2 ¥ (s(t-)f)j
o i i (63)

JS+ (s(t)°

Several Delta R Statements can be used in the same model, but the implementation in OxCal does
not allow more than 1 such offset to apply to the same date.

Sampling and Conditional Probabilities

In all cases, OxCal uses a straightforward Metropolis-Hastings MCMC agorithm, so only relative
probabilities areimportant. Each parameter of the outlier model is updated individually by sampling
from the full conditionals. For al of the models outlined here, these are given by:

p(tilt_iayil(biysi:u:d) o< p(t) p(yiltivq)ilsivuld) (64)
PO 1Y 85U, ) < G (L—ap) " pOyi [t 01,83, U, ) (65)
PG [, i, 0, u, d) o< p(&;)p(Yi [ti, i, 8, U, d) (66)

tl’ q)i’ 615 u, d) (67)

p(ultvyv O,S,d) o< p(u)Hp(yl

ty, ¢, 84, U, d) (68)

p(dltvyv 0181 U) o< p(d)Hp(yl

Radiocarbon Dates All Pertaining to One Event (s-type or r-type)

Asidentified by Christen (1994b), the special case of combinations of 14C dates all pertaining to one
event needs to be treated dightly differently. The treatment presented there does not account for
errorsin the calibration curve and so a full treatment including these will be presented here.

Combination of 14C datesis a 2-stage process. The assumption isthat all of the measurementsrelate
to 1 calendar time and therefore all should correspond to the same original 14C concentration, which
weintroduce as a parameter of the model p.. Each measurement (r; £ s) provides alikelihood func-
tion for this parameter:
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1 2 2
r; = ———exp(—(r; — /(2s 69
p( ||pc) Si ,—2 p( ( ] pC) ( I)) ( )

and thus for all of the measurements:
P(r pe) = [T &P(~(ri—pe)*/(25D)) /s (70)
i

Now for convenience we define:

= (s (5v4) ®
s = (pvs) (72)
T = _zlm —1)%/s (73)
s = Hsl (74)

wherer. * s isjust the usual error-weighted combination of the 14C dates (Ward and Wilson 1978).
This alows us to factorize the likelihood as:

P(r 1pd) = Sexp(=TI2)exp(re — po)(2s;)) (75)

Thisis just like the normally distributed likelihood for the C ratio p. you would get for a single
measurement but with a mean of r; and a standard deviation of s.. The uncertainty in the calibration
curve does not come in to the equation yet.

Now we need to consider the prior for the parameter p. in themodel. Asfor asingle calibration, this
isgiven by:

P(Poty) o %exp(—(pc—r(tc))z/(2s<t))2) (76)

since if we integrate over p. we get a constant value, independent of t. So given this, we can now
integrate out the parameter p., which we do not need:

P(r [P L) o %exp(—T/mexp(—(rc— P02/ (28)) exp(~(pe— T (1)) 2/ (25(t)%))  (77)

p(rft) = [ p(ripe tods (78)

Pe=—°°
( (rc—r<tc>>2]
e&Xp|——— 2
2(s; + (s(t)?)

Jse+ (s(te)”

o< Sexp(=T/2)

(79)
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For the case where outliers are not considered, T is a constant, and in any case Sis a constant.

There are anumber of useful elementsthat emerge from this. First of all, T asdefined in Equation 73
is the test statistic described in Ward and Wilson (1978), which has a y?2 distribution with n—1
degrees of freedom (where n is the number of combined 14C dates). You can see that thisis directly
related (cf. Bronk Ramsey et al. 2001) to the probability of aparticular set of 14C determinations for

any pe:
p(r) == [ exp(~(1e=po)*/(25D)dp = exp(-T/2) (80)
Pc
We can al'so now expand this treatment to deal with outliers. We offset r; to r;'.
ri — 0;0;5 for un-scaled s-type
ri' =9 r;—;; for un-scaled r-type (81)
ri —10Y0;0;s for scaled r-type

We repeat the same calculationsto obtain r ' (this must be repeated for each iteration of the model).

P(te|r, 0,8, d, u) e p(t)lo(rs —d, s, to) (82)

o

P(di[te T, 0, 8. d W) e o (1—0)' exp((ry =)/ (2SI (1 ~d s t) (83)

P3|t 1.0, 8., d, u) o< p(&) exp(~(r}' =)/ (28)lo(r¢ —d. S, t) (84)
P(U[te. T, 0,8, d) o< P(U)l (T = d. S to) [T exP(~(ry =¢)?/(25)) (85)
p(d|ts, r, 0,8, u) o< p(d)l (r. —d, s, t.) (86)

Charcoal Model

It is worth looking in alittle more detail at the outlier model for charcoal samples outlined above.
Thismodel coversarange of scalesu from 0 to 3 and so effective prior for asingle 6 would be:

3
u
p(8) o< Jw/ulo)du (87)
u=o 10
5 8/1000
T (89)

where d isonly allowed to be negative. In the suggested implementation, thisistruncated at —10,000
yr and can therefore be normalized. It is avague prior that iswell behaved near 6 = 0 and is plotted
in Figure 6b. In practice, in any model the timescale u is considerably constrained and so the distri-
bution of outliers will be closer to a simple exponential. As above, it isimportant not to introduce
too many different parameters into amodel and in this case the model suggested is only suitable if
there are many charcoa samples—if you only have 1 or 2 there will be confounding effects between
the u parameter and the §; parameters.
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DIAGNOSIS AND ROBUSTNESS TESTING

When using the models outlined here it is worth testing how robust the posteriors are to changesin
the underlying models. Thisisonereasonwhy itisimportant that all of the parameters of the models
in OxCal are specified by the user and so can be altered to see if they affect the results. Robustness
testing can easily be applied by trying different outlier models and prior outlier probabilities.

Using the scaling factor 10" will allow the model averaging to cover arange of different scales and
should achieve more robust results. This is not necessary when using the outlier methods only for
outlier detection, but it can be important when the method is used for obtaining realistic posterior
densities from the model average. One simple example demonstrates this fairly well: we consider
the case of asimple sequence of dates, with one obvious outlier, analyzed under anumber of differ-
ent outlier models. The results of thisare shown in Figure 9. Here you can seethat in particular, use
of the ssimple model (Figure 9a) actually puts quite strong constraints on measurements even if
they areidentified as outliers; this model is not very good for model averaging when the outliersare
more extreme than the model intended. Using a longer-tailed Student’s t distribution (Figure 9b)
helps with this, but allowing the scale to adapt to the data (Figure 9c) provides a better overall aver-
ageresult if the scale of outliersis not known in advance.

T
Sequence Sequence
Botnd: Boundary %
‘Sequence Sequence
R_Date(3095,25) R — R_Date(3095,25) o
R_Date(3028,25) o R_Date(3028,25) .
R_Date(2951,25) — Al | R_Date(2951,25 B R
R_Date(2888,25) B R_Date(2888,25) P
R_Date(3134,25) ek R_Date(3134,25) e e
R_Date(2759,25) — - R_Date(2759,25) — e
R_Date(2590,25) —a R_Date(2590,25] A
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o 5000 500 000 500 2500 5000 500 000 500
Modelled date (BC) ( Modelled date (BC)
a) b)
I
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0 2000 500 000 500 2500 5000 7500 000 500
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) @)

Figure 9 This show a simple sequence under a number of different outlier models: (a) uses the SSimple model asin
Christen (2003); (b) wuses a t-type outlier model with the offsets distributed as 100T(5) using
Outlier Model ("TFixed",T(5),2,"t"); (c) usesthe General model as defined above with variable scaling;
(d) manually removesthe obviousoutlier and replacesit with an undated event. All outlier modelsidentify the fifth 14C date
as a definite outlier and can be used for outlier detection. However, given that the sample is an outlier, we would expect
the modeled output to be similar to that shown in (d) where the date has been excluded: (a) shows that the very prescribed
Ssimple model pullsthe outlier date strongly towards the measurement, even though it is an outlier; (b) which uses a
longer-tailed T(5) distribution ismore realistic; but (c) gives abetter overall model average for this situation since the dated
event posteriors are very close to those shown in (d).
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The more complex scaled models do, however, come with the risk of confounding effects, where 1
parameter is played off against another and thisis particularly trueif for small models. It is possible
for the user to check for model misbehavior by looking at 3 aspects of the model output: the conver-
gence (see Bronk Ramsey 1995), the posterior distribution for the scaling parameter u, and the pos-
terior outlier probabilities for ¢;. A number of situations can arise:

« The convergence can be very slow. Thisis often associated with the scale of the offsets being
hard to determine; in OxCal the model may never finish running at al if a satisfactory conver-
gence is not achieved. In such circumstances, it may be necessary to use a simpler model.

« Thedistribution for u may be poorly constrained and extend right up to the upper limit. Thisis
normally the consequence of using the scaled model for adata set that istoo small to support it;
the results will still provide a model average over the specified scales, but it would usualy be
better to use a ssimpler model in such circumstances.

« Thedistribution for uiswell constrained at the upper limit but extends down to the lower limit.
This is normally the consequence of having a data set where there may actually be no outliers
at al and you will find that the outlier posterior probabilities for ¢; are very close to the priors
;- In such a situation, there may be very small outliers that are undetectable and the model is
reflecting this. Thisis not in itself a problem, but it does mean that the posteriorswill be at least
marginally affected by the lower limit set for the scale parameter u and so a sensitivity test for
thiswould be useful.

Ideally, the scaling parameter iswell defined asin Figure 6¢ and the convergenceis reasonably rapid
(though it will always be slower than for amodel without outliers).

There is one other consideration that has been taken into account in the implementation of these
models and thisis the special case where al of the measurements are outliers. In caseswhere thisis
the intention (as in the charcoa example above), thisis not a problem. However, in most cases with
thelonger-tailed distributions suggested here thereis such arange of possible solutionsin such cases
that this can lead to extremely slow convergence. For this reason, in cases where g; # 1, and where
there ismore than 1 parameter tied to a particular outlier model, OxCal gives zero probability to the
case where all measurements are outliers.

CONCLUSIONS

The approaches to dealing with outliers and offsets presented here are not only intended to provide
detection of such offsets but also to provide good overall model averages that take into account a
large range of different scenarios. For thisreason, it isimportant, asin all Bayesian analysis, that the
models used reflect the underlying mechanisms. Thisiswhy a number of different models are con-
sidered in this paper:

* stype - where the 14C measurement of a particular sample is wrong for some reason: these
cases can be treated with shift outliersin the 14C concentration as discussed in Christen (1994b,
2003).

* r-type- wherethere are shifts between the 14C concentration of the sample and its presumed res-
ervoir, but where the measurement itself is accurate: in these cases a similar approach can be
used but independent of the uncertainty in the measurement itself.

« d-type - where the 1*C measurements are biased relative to the calibration curve—either
because of problems in the measurements or because of shiftsin the 14C ratio of the reservoir:
these cases can be effectively treated in the same way as AR offsets in marine 14C calibration
(Stuiver and Braziunas 1993; Jones and Nicholls 2001; Nicholls and Jones 2001).
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« t-type - where the sample measured might not relate to event being dated (t): in these cases out-
lier analysis using shiftsin the calendar timescale can be used.

In the case of 14C samples all relating to the same event, Ward and Wilson (1978) provide a useful
test of whether measurements are all compatible. However, outlier anaysis (stype or r-type,
depending on whether the problems are likely to relate to the measurement of the 14C content of the
sample) can be very useful in identifying which measurements are likely to be the outliers and giv-
ing a more objective assessment of the true age than manual rejection.

More generally where samples might or might not be outliers (as is usually the case), the methods
outlined here alow an average of all of the possible combinations of rejection and acceptance of
measurements to be averaged over, taking into account the posterior probabilities for such outliers.
This model averaging approach is much more practical with large data sets than trying many differ-
ent models each with different dates rejected. It is also more robust than selection of the outliers
individually on the basis of agreement indices or outlier posterior probabilities and then just analyz-
ing 1 model.

The implementation of al of these techniquesin OxCal v 4.1 has been presented so that researchers
can apply them to their own projects. The tools provided are very flexible, but it should be stressed
that it is probably best not to make any one model more complicated than it needsto be. For simple
situations, with minor offsets, the original approach taken in Christen (2003) islikely to be sufficient
for outlier detection. In larger models where displacement from context is often the main issue, the
general t-type model should provide agood solution. In other cases, charcoal dates may need amore
specific model. It isunlikely, however, that much will be gained by applying several different outlier
models together, unless there are very good reasons for doing so.

The methods outlined here, if used in the right way, should start to address some of the problems
associated with analyzing large numbers of 1C dates and help to deal with issues of over-precision,
which can ariseif outliers and offsets are not considered at all.
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